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Abstract. We describe in terms of the j-invariant all elliptic surfaces n : X — > C with a 
section, such that /i 1,:L (A) = rank NS(X) and the Mordell-Weil group of tv is finite. 

We use this to give a complete solution to infinitesimal Torelli for elliptic surfaces over P 1 
with a section. 



1. Introduction 

An extremal elliptic surface over C is an elliptic surface such that the rank of the Neron-Severi 
group equals h 1,1 and there are finitely many sections. 

Their main application, until now, is in the classification of singular fibers on certain elliptic 
surfaces: Once a configuration of singular fibers on an extremal elliptic surface is known, one can 
construct from this configuration many other configurations of singular fibers on elliptic surfaces, 
where the genus of the base curve and the geometric and arithmetic genus of the surface remain 
fixed. In |Sh| these operations are called elementary transformations, and are, a priori, only 
valid for K3 surfaces. Actually, all elementary transformations are combinations of twisting and 
deformations of the J- map (terminology from |Mi II VIII. 2] and |Mi 2| ) and hence are valid for 
any elliptic surface. 

The classification of singular fibers on a rational elliptic surface has been given more than 10 
years ago (see |Per| . [Mi 2j . |()Sj ). Recently there has been given a classification of all singular 
fibers of elliptic K2> surfaces with a section (see |Shj ) . From the classification of configurations of 
singular fibers on rational (see |Mi 2| ) and K3 surfaces (see jSEj) we know that any configuration 
can be obtained from an extremal configuration using elementary transformations. 

In this paper we give a complete classification of extremal elliptic surfaces with constant j- 
invariant (Theorem EEB)) - We use this classification to prove the following. 

Theorem 1.1. Let ir : X — > P 1 be an elliptic surface without multiple fibers. Assume that 
Pg(X) > 1. Then X does not satisfy infinitesimal Torelli if and only if j(jr) is constant and 7r is 
extremal. 



Kh ( | Khl Theorem 2]) proved infinitesimal Torelli for elliptic surfaces without multiple fibers 
and non-constant j-invariant. Saito ( |Saip proved in a different way infinitesimal Torelli for elliptic 
surfaces without multiple fibers and j-invariant different from and 1728. 

For elliptic surfaces with non-constant j-invariant we will give the following structure theorem: 

Theorem 1.2. Suppose 7r : X — > C is an elliptic surface without multiple fibers and non-constant 
j-invariant, then the following are equivalent: 

(1) ir is extremal 

(2) j(tt) is not ramified outside 0, 1728, oo, the only possible ramification indices above are 
1, 2, 3 and above 1728 are 1, 2, and tt has no fibers of type II, III, IV or Iq. 
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(3) There exists an elliptic surface with it' : X' — » C, with j(ir') — j{Tt), the fibration n' 
has no fibers of type II* , III* or IV* , at most one fiber of type Iq , and it' has precisely 
2p g (X) + 4 — 49(C) singular fibers. 

We will give a similar theorem which includes the Mordell-Weil group. Let m, n £ Z>i be such 
that m\n and n > 1. Let X m (n) be the modular curve parameterizing triples ((E, O), P, Q), such 
that (E, O) is an elliptic curve, P £ E is a point of order m and Q £ E a point of order n. 

If (m,n) ^ {(1,2), (2,2), (1,3), (1,4), (2,4)} then there exists a universal family for X m (n), 
which we denote by E m (n). Denote by j m ,n ■ X m (n) — > P 1 the map usually called j. 

From the results of |Shi 1, §4 & §5] it follows that E m (n) is an extremal elliptic surface. The 
following theorem explains how to construct many examples of extremal elliptic surfaces with a 
given torsion group. 

Theorem 1.3. Fixm,n £ Z>i such that m\n and{m,n) <£ {(1, 1), (1,2), (2,2), (1,3), (1,4), (2,4)}. 
Let j £ C(C) be non-constant then there exists a unique elliptic surface 7r : X — * C , with j(jr) = j 
and MW(tt) has "L/nL x Z/mZ as a subgroup if and only if j is of (3, 2)-type, not ramified outside 
0, 1728, 00 and j = j n ,m 9 for some g : C — > X m (n). 

The extremal elliptic surface with j(jr) — j and TLjnL x Z/mZ is a subgroup of MW(tt) is the 
unique surface with only singular fibers of type I v . 

If 7r : X — > P 1 is an extremal semi-stable rational elliptic surface then X is determined by the 
configuration of singular fibers (see JMPj Theorem 5.4]). It seems that this quite particular for 
rational elliptic surfaces. If X is a K3 surface a similar statement does not hold: 

Theorem 1.4. There exists pairs of extremal semi-stable elliptic K3 surfaces, 7Tj : Xi — > P 1 , 
(i = 1,2) such that MW(ni) = MW{'K2), the configuration of singular fibers of the Tti coincide 
and X\ and X2 are non-isomorphic. 

This gives a negative answer to |ATZI Question 0.2]. The essential ingredient for the proof 
comes from jSZI Table 2]. 

The paper is organized as follows: 

Section |21 contains some definitions and several standard facts. In section [3] we give a list of 
extremal elliptic surfaces with constant j-invariant. They behave different from the non-constant 
ones. There are exactly 5 infinite families of extremal elliptic surfaces with constant j-invariant 
(3 of dimension 1, 1 of dimension 2 and 1 of dimension 3). In section 01 we explain this different 
behavior by proving Theorem ll.il In sectional we explain how twisting can reduce the problem 
of classification. In section we link the ramification of the j-map and the number of singular 
fibers of a certain elliptic surface. This combined with the results of section |S] gives a proof of 
Theorem 11.21 In section contains a proof of the version with the description of the group of 
sections (Theorem 1 1.3fl . In section[S]we prove Theorem 1 1.41 In section[3]we give a classification of 
extremal elliptic surfaces with g(C) = p g (X) — q(X) — 1. Section ITUI contains a proof of the fact 
that for any positive k there exist elliptic surfaces with only one singular fiber; the singular fiber 
has to be of type I\2k or Il 2 k-&i ana ^ both occur. 

2. Preliminaries and conventions 

Assumption 2.1. By a curve we mean a non- singular projective complex curve. 
By a surface we mean a non-singular projective complex surface. 

Definition 2.2. An elliptic surface is a triple (ir,X,C) with X a surface, C a curve, 7r is a 
morphism X — > C, such that almost all fibers are irreducible genus 1 curves and X is relatively 
minimal. 

We denote by j(ir) : C — > P 1 the rational function such that j(n)(P) equals the j-invariant of 
7r _1 (P), whenever 7r _1 (P) is non-singular. 

A Jacobian elliptic surface is an elliptic surface together with a section ero : C — > X to it. 

The set of sections of 7r is an abelian group, with <ro as the identity element. Denote this group 
by MW(tt). 
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An extremal elliptic surface is an elliptic surface such that p{X) = h ' (X) and MW(tt) is 
empty or finite. 

Let L be the fundamental line bundle [tf^Ox]^ 1 . 

Assumption 2.3. All elliptic surface are without multiple fibers. 

Remark 2.4. To an elliptic surface ir : X — > C we can associate its Jacobian fibration Jac(ir) : 
Jac(X) — > C. The Hodge numbers h p ' q , the Picard number p(X), the type of singular fibers of w 
and deg(L) are invariant under taking the Jacobian fibration. 

Remark 2.5. If P is a point on C, such that 7r _1 (P) is singular then j(n)(P) behaves as follows: 



Kodaira type of fiber over P 


iW(P) 


I* 


7^ oo 


/„,/*(> >0) 


00 


1 1, IV, IV*, I I* 





III, III* 


1728 



Definition 2.6. Let X be a surface, let C and C\ be curves. Let ip : X — ► C and / : Ci — * C 
be two morphisms. Then we denote by X Xq Ci the smooth, relatively minimal model of the 
ordinary fiber product of X and C\ . 

We use the line bundle L only to simplify notation. Note that deg(L) = p g (X) + 1 — g{C) — 
p a (X) + 1. (See |MH1 Lemma IV.1.1].) 
Recall the following theorem. 

Theorem 2.7 (Shioda f jShi 21 Theorem 1.3 & Corollary 5.3])). Let n : X C be a Jacobian 
elliptic surface, such that deg(L) > 0. Then the Neron-Severi group of X is generated by the 
classes of o~o(C), a fiber, the components of the singular fibers not intersecting o~q(C), and the 
generators of the Mordell-Weil group. Moreover, let S be the set of points such that tt~ 1 (P) is 
singular. Let m{P) be the number of irreducible components of tt^ 1 (P), then 

p(X) := vwk{NS{X)) = 2 + ^ ( m ( p ) ~ 1) + rank(MW(7r)) 

Pes 

Definition 2.8. Suppose ir : X — > C is an elliptic fibration. Denote by A(Jac(7r)) the subgroup of 
the Neron-Severi group of Jac(n) generated by the classes of the fiber, ctq(C) and the components 
of the singular fibers not intersecting o~q{C). Let pt r {^) — rank A(Jac(n)). 

Note that if ir : X — > P 1 has deg(L) = 0, then p tr = 2, although Theorem 12 . 71 does not apply. 

Definition 2.9. Let tt : X — > C be an elliptic surface, define 

• a(ir) as the number of fibers of type II* , III* , IV* . 

• b(w) as the number of fibers of type //, 777, IV. 

• c(ir) as the number of fibers of type Jq. 

• d(n) as the number of fibers of type J*, with v > 0. 

• e(7r) as the number of fibers of type I v , v > 0. 

Definition 2.10. Let tt : X — > C be an elliptic surface. Let P £ C(C). Define vp(Ap) as 
the valuation at P of the minimal discriminant of the Kodaira-Neron model, which equals the 
topological Euler characteristic of tt^ 1 (P). 

Proposition 2.11. Let tt : X — > C be an elliptic surface. Then 

J2 vp(A p ) = 12deg(L) 

psc(C) 

Proof. This follows from Noether's formula (see |Mi II III.4.4]). □ 
Proposition 2.12. For any elliptic surface n : X — » C , not a product, we have 

h^(X) - p tr (w) = 2{a{%) + 6(?r) + c(tt) + d(ir)) + e(ir) - 2 deg(L) - 2 + 2g(C) 
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Proof. Recall from |Mi 11 Lemma IV. 1.1] that 

h 1 ' 1 = 10deg(L) + 2g(C). 
From Kodaira's classification of singular fibers and Proposition 12 . 1 II it follows that 

p tr (w) = 2 + 12dcg(L) - 2(o(7r) + b(ir) + c(tt) + d(n)) - e(w). 
Combining these finishes the proof. □ 

Corollary 2.13. Let tt : X — ► C be an elliptic surface with constant j -invariant, not a product. 
Then tt is extremal if and only if tt has deg(L) + 1 — g(C) singular fibers. 

Proof. If j is constant then e(n) = d(n) =0. □ 

3. Constant j'-invariant 

In this section we give a list of all extremal elliptic surfaces with constant j-invariant. 

Lemma 3.1. Suppose tt : X — > C is an extremal elliptic surface such that is constant. Then 
9(C) <1. 

Proof. If is constant vp(Ap) < 10, for every point P. From this it follows from Proposi- 
tion EH and Corollary EUSI that 

12deg(L) = £ v P (A p ) < 10(deg(L) + 1 - g(C)). 

p\ir- 1 (P) singular 

From this it follows that g{C) < 1. □ 

Lemma 3.2. Suppose tt : X — > C is an extremal elliptic surface such that is constant. Then 
one of the following occurs 

(1) g(C) = 1; deg(L) = and X is a hyperelliptic surface. 

(2) g{C) = 0; j(tt) ? 0, 1728; deg(L) = 1. 

(3) g(C) = 0; j(tt) = 0; 1 < deg(L) < 5. 

(4) g(C) = 0; j(n) = 1728; 1 < deg(L) < 3. 

Proof. Suppose g(C) = 1. Then tt has deg(L) singular fibers so 

12deg(L) = ^up(Ap) < 10deg(L) 

from which it follows that deg(L) = 0, so X is a hyperelliptic surface. 

Suppose g(C) = 0. If deg(L) = then n is birational to a projection from a product, so by 
definition n is not extremal. 

Suppose deg(L) > 0. Assume j(7r) ^ 0, 1728. Then all singular fibers are of type Iq . Since the 
Eulcr characteristic of such a fiber is 6, Proposition 12 . 1 1| implies that there are exactly 2deg(L) 
singular fibers. Applying Corollary 12. 131 gives 

2deg(L) = deg(L) + 1 

From this we know deg(L) = 1. 

Assume — 1728 then all singular fibers are of type ///, Iq , III*. From this it follows that 
vp(Ap) < 9. By Proposition |2~TT1 and Proposition EHU 

12 deg(L) < 9(a(n) + b{n) + c(tt)) = 9 dcg(L) + 9 

so 1 < dcg(L) < 3. 

Assume j(Ti) = then similarly we obtain 1 < deg(L) < 5. □ 

Theorem 3.3. Suppose tt : X — * C is an elliptic surface with constant. 

Then n is extremal if and only if either C is a curve of genus 1 and Jac(X) is a hyperelliptic 
surface or C = P 1 and Jac(n) has a model isomorphic to one of the following: 
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• (iW = 0) y 2 = x 3 + f(t) where f(t) comes from the following table (the left hand side 
indicates the positions of the singular fibers) 
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where a, /3,7 G C — {0, 1} 7 pairwise distinct. 
• (j(7r) = 1728) y 2 = x 3 + g{t)x where g{t) comes from the following table 
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where a^0,l. 

• 1728) y 2 — x 3 + at 2 x + t 3 , with singular fibers of type Iq at t = and t = oo 

Proof. The above list follows directly from Corollarv l2 .131 and Lemma Since all cases are very 
similar, we discuss only the case j(ir) = and p g = 2. In this case Jac(ir) has a model isomorphic 
to 

y 2 = x 3 + f{t) 

with / a polynomial such that 13 < deg(/) < 18, and vp(f) < 5 for all finite P. At all zeros of / 
there is a singular fiber. If deg(/) < 18 then the fiber over t = oo is also singular. 

If 7r is extremal then from Corollarv l2.13l it follows that it has exactly 4 singular fibers. Assume 
that the fibers with the highest Euler characteristic are over t — oo, 0, 1. Since 5 + 5 + 5 + 3 = 
5 + 5 + 4 + 4 are the only two ways of writing 18 as a sum of four positive integers smaller then 
6, we obtain that after applying an isomorphism, if necessary, / equals either 

t 5 (t - lf{t - af or t 5 (t - lf(t - af. 

□ 

Remark 3.4. Note that all extremal elliptic surfaces with constant j-invariant and p g {X) > 1 
have moduli. 

4. Infinitesimal Torelli 

In the previous section we gave examples of families of elliptic surfaces with maximal picard 
number. In this section we prove that these surfaces are counterexamples to infinitesimal Torelli. 
Moreover we give a complete solution for infinitesimal Torelli for elliptic surfaces (with a section) 
over P 1 . 

Suppose X is a smooth complex algebraic variety. Then the first order deformations of X are 
parameterized by H 1 (X, Ox), with Ox the tangent bundle of X. The isomorphism H p,q (X) = 
H q (X, tt p ) and the contraction map Ox <8>e> x ^x ~ * ^a" 1 Si ve a CU P product map: 

H\X, Ox) ® H p ' q (X) -» HP-^+^X). 
and from this one obtains the infinitesimal period map 

S k : H\X, Ox) -> ® P+q=k Eom(HP'"(X),HP- 1 ' q+1 (X)). 
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The (holomorphic) map 8k is closely related to the period map. Assume that (p : X — > B is 
a proper, smooth, surjective holomorphic map between complex manifolds with connected fibers, 
and that for all t S B the vector space H k (X t ,C) carries a Hodge structure of weight k, with 
X t := c,o~ 1 (t) . Fix a point G B. Let U be a small simply connected open neighborhood of 0, 
such that the Kodaira-Spencer at the point is injective. Define 

P p ' fc : U -» Grass(J2 ^\ H k (X )) 

i~>p 

by sending t to (e i > p -H' i ' fe_i (X i )) C H k (X ,C), via the identification H k (X ,C) H k (X t ,C). 
(Note that U is simply connected.) Then the differential of (BdP p ' k is injective if and only if 8k is 
injective. (See [Sail Section 2] or [Voil Chapter 10].) 

We say that X satisfies infinitesimal Torelli if and only if ^dim(x) is injective. Note that if X is 
an elliptic surface with a section and base P 1 then 8k, for k ^ dimX is the zero-map. 

If X is a rational surface, then there is no variation of Hodge structures. If X is a K3 surface, 
then infinitesimal Torelli follows from |PSS . This section will focus on the case p g (X) > 1. 

There is an easy sufficient condition of Kii( Kh|). Lieberman, Peters and Wilsker ( LPW ) for 
checking infinitesimal Torelli for manifolds with divisible canonical bundle. The following result 
is a direct consequence of jLPWI Theorem 1']. 

Theorem 4.1. Let X be a compact Kahler n-manifold, with p g (X) > 1. Let C be a line bundle 
such that 

(1) C® k = fl x for some k > 0. 

(2) the linear system corresponding to C has no fixed components of codimension 1. 

(3) H°(X,Q, X - X ®L) = 0. 

Then 5 n is injective. 

We want to apply the above theorem, when X is an elliptic surface and C = Ox(F). 

Lemma 4.2. Let ir : X — > P 1 be an elliptic surface. Assume that X is not birational to a product 
C x P 1 . Then for n > 



dimfl' (-X:,n 1 (nF)) 



n—1 if is not constant 

n — 1 + max(0, n + d + I) if J'(tt) is constant, 



where d = deg(L) - #{P E (7(C) | 7T _1 (P) singular }. 

Proof. By [Sail Prop. 4.4 (I)] we know that tt^Q^ = Qhx if j W is not constant, which gives the 
first case. 

If j(ir) is constant then we have the following exact sequence (by [Sail Prop. 4.4 (11)]): 

-»• QjJ.1 -> irMx Or 1 (<0 -> 0. 

Tensoring with Opi (n) gives 

dim H (X, fi^ (nF) ) = dim ff (P 1 , (n) ) + dim # (P 1 , O p i (n + d) ) = n - I + max(0, n + d + 1) , 
using that dim if 1 (P 1 , nji(n)) = 0. □ 

Corollary 4.3. Suppose ir : X —> F 1 is an elliptic surface (cf. Assumption such that 

p g {X) > 1. Suppose that j(ir) is non-constant or ir is not extremal then X satisfies infinitesimal 
Torelli. 

Proof. Let F be a smooth fiber of tt. Note that 0{F)®^^ X ^ = Q 2 X (see phTl Theorem 2.8]) 
and \F\ is the elliptic fibration, hence without base-points. 

We claim that dimH°(X, f2 1 (F)) = 0. Suppose if this is not the case then by Lemma 14.21 
is constant and tt has at most deg(L) + 1 singular fibers. From Lemma T2.f 31 it follows that is 
extremal. 

Apply now Theorem ll~T1 with C = O(F). □ 
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Proposition 4.4. Let tp : X — > B be a family of surfaces with p g (X ) > 0, and such that for all 
t G B the set {t' \ X t = X t '} is zero dimensional. Let r be the Picard number of a generic member 
of the family tp. Suppose that if p g (Xo) > 1 and 

dimB>^ Pg (X)(h^-r). 

or Pg(Xo) = 1 and 

dim£> (ft 1 - 1 -r). 
Then for all t, the surface X t does not satisfy infinitesimal Torelli. 

Corollary 4.5. Let tp : X — > B be a non-tivial family of surfaces such that p(Xt) = h ' (Xt) for 
all t. Then Xt does not satisfy infinitesimal Torelli. 

Corollary 4.6. Let ir : X — > P 1 be an extremal elliptic surface with constant j -invariant and 
p g {X) > 1. Then X does not satisfy infinitesimal Torelli. 

Proof. From Remark 13.41 it follows that X is a member of positive dimensional family of surfaces 
with r = ft M (X ). □ 

Proof of Proposition \4-4\ Fix a base point € B and let X be isomorphic to the fiber over 0. For 
any t £ B denote by X t the fiber over t. Let A be a lattice of rank r, such that A <^-> NS(Xo), and 
we can fix the identification of Hodge structures H 2 (Xq, C) = H 2 (X t , C) such that A <^-> NS(X t ). 

Let T(X t ) be the orthogonal complement of the image of A in H 2 (X t , Z). Then T(X t )®C carries 
a sub-Hodge structure, and we consider variation of this Hodge structure, (cf. |vG!Tl Section 6]). 
Since the variation of the Hodge structure on H 2 (X,C) is determined by the variation of the 
sub-Hodge structures A and T, and A remains of pure type (1,1) we have the following diagram 



Hom(i/ 2 ^(Ao),i/ 1 ' 1 (Ao))©Hom( J ff 1 ^(Ao),i? ' 2 (X )) 

T 

Hom(T 2 ^(Ao),r 1 ' 1 (Ao))©Hom(r 1 ^(A ),T^ 2 (Ao)), 

with Xk the Kuranishi family of Xq and Bk its base. 

From this diagram one deduces dim Im(pip) < 2{h 1,x — r)h 2 ' . Using Serre duality and a result 
of Griffiths one can show (cf. |vGTI §6]) that Im(pip) has dimension at most 3 (ft 1 ' 1 — r)h 2 >°, if 
ft 2,0 > 1 and Lm(ptfj) has dimension at most ft 1 ' 1 — r if ft 2,0 = 1. □ 

Remark 4.7. The referee pointed out that the factorization 

S^Hom(T 2 ' (Xo),T 1 ' 1 (Xo)) - Hom(i/ 2 >°(A ), H^(X )) 

can be proven as follows. 

Let t € Bk be a direction contained for which the image of A remain divisors. Then the kernel 
of cup product with t consists of the classes of type (1,1) infinitesimally fixed in that direction. 

Theorem 4.8. Let tt : X — > P 1 be an elliptic surface (cf. Assumption Assume that 

p g {X) > 1. Then X does not satisfy infinitesimal Torelli if and only if j(it) is constant and 7r is 
extremal. 

Proof. Combine Corollary 14 . 31 and Corollary 14. 61 □ 

Remark 4.9. Note that the hyperelliptic surfaces form a family of elliptic surfaces with p g (X) = 0, 
so they do not satisfy infinitesimal Torelli. 



X — > Xk 
I i 
B Bk 
IP 

H 1 (X , ®x ) 

T 

Im(fnp) 
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Remark 4.10. Chakiris ( Cha, §4]) gave different formulae for dimH°(X, fi 1 (nF)). He uses them 
to deduce a formula for dim H 1 (X , Qx), which he uses to prove that generic global Torelli holds. 
Even with the use of these incorrect formulae his proof of generic global Torelli seems to remain 
valid, after a small modification. His formulae would imply that infinitesimal Torelli holds for any 
elliptic surface with a section. The same erroneous formulae leads Beauville ( Beau 2 p. 13]) to 
state in a survey paper on Torelli problems that infinitesimal Torelli holds for arbitrary elliptic 
surface with a section. Theorem 14 . 81 shows instead that this is true under the condition that 
is not constant or 7r is not extremal. 

The argument used to prove that several elliptic surfaces satisfy infinitesimal Torelli, relies 
heavily on C = P 1 . Saito proved using other techniques that if 7r : X — *■ C is an elliptic surface 
with non-constant j-invariant then X satisfy infinitesimal Torelli. We consider now the case that 
the j-invariant is constant and we try to find surfaces for which infinitesimal Torelli does not hold. 

Lemma 4.11. Let ip : X — > B be a family of elliptic surfaces withp g (Xo) > 1, constant j -invariant 
and s singular fibers. Let g(C) be the genus of the base curve of a generic member of this family. 
Suppose that for all t we have that {t' \ X t = X t '} is zero- dimensional and 

dim B > (s - dcg(L) + g{C) - l)h 2 ' . 

Then for all t, X t does not satisfy infinitesimal Torelli. 

Proof. Note that p(X t ) > ptr{^) for all t € B and 

h 1,l (X) - p tr (TT) = 2s - 2 dcg(L) - 2 + 2g(C). 

Apply now Proposition ^. 41 □ 

Example 4.12. Let ijj : X — > B be a maximal-dimensional family of elliptic surfaces with 2 deg(L) 
singular fibers of type Lq. Then dim 2? = 3g — 3 + 2deg(L) + 1. 
We have that h 2 ' > 1 and 

dim B > (s - deg(L) + g(C) - l)h 2fi 

holds if and only if h 2,0 — 2, g(C) £ {1, 2, 3} or ft 2 ' = 3, g{C) = 4. In all these cases any member 
of the family ip is a counterexample to Infinitesimal Torelli. 

Example 4.13. Let tp : X — > B be a maximal family of elliptic surfaces with j-invariant or 1728 
and s singular fibers. Then dim£> = 3g — 3 + s. 
Using h 2 ' = deg(L) + g(C) — 1, we obtain that 

dim B > (s - deg(L) + g(C) ~ l)h 2 >° 

holds if and only if 

deg(L) 2 - g(C) 2 + 5g(C) - 4) 
3 deg(L)+. 9 (C)-2 
From Noether's condition, the smallest s that is possible is | degL. From this one deduces 

deg(L) < -35(C) + 6 + V^giC) 2 - ll.g(C) + 16. 

All combinations of g{X) and p g (X) satisfying the above conditions are mentioned in the table 
below. There s max denotes the maximum number of singular fibers such that the maximal family 
with s m ax singular fibers has A\m(B) is larger then the upper bound for the dimension of the 
period domain. The columns with [6/5deg(L)] and [4/3deg(L)] denote the minimal number of 
singular fibers for an elliptic surface with j-invariant or 1728, whenever this is smaller then s max . 
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5. Twisting 

In this section we study the behavior of h < (X) — pt r (X) under twisting, when X is a Jacobian 
elliptic surface. 

To a Jacobian elliptic surface tt : X — > C, we can associate an elliptic curve in Pc(c) corre ~ 
sponding to the generic fiber of tt. Denote this elliptic curve by E\. Vice versa to an elliptic curve 
E'/C(C) we can associate an elliptic surface tt' : X' — > C. 

Let Tii : Xi — ¥ C, i = 1,2 be two Jacobian elliptic surfaces, such that jfc) ^ 0, 1728. Then 
there exists an isomorphism <p : X\ — > X2 such that TT2P = 7Ti if and only if the associated elliptic 
curves -Ei and P2 are isomorphic over C(C). 

The last statement is equivalent to j{E\) = j ' (P2) and the quotients of the minimal discriminants 
of E 1 /C{C) and E 2 /C(C) is a 12-th power (in C(C)*). 

If j{E±) = j(E2) then under our assumptions the quotient of the minimal discriminants is a 
6-th power, say u 6 . From this it follows that E\ and E2 are isomorphic over C(C)(y/u). We call 
E2 the twist of E\ by u and denote this by e[ u ^ . Actually, we are not interested in the function 
u, but in the places at which the valuation of u is odd. 

Definition 5.1. Let tt : X —* C be a Jacobian elliptic surface. Fix 2n points Pi <E C(C). Let 
E/C(C) be the Weierstrass model of the generic fiber of tt. 

A Jacobian elliptic surface 7r' : A' — > C is called a quadratic twist of tt by (Pi,...,P„) if 
the Weierstrass model of the generic fiber of tt' is isomorphic to E^\ where E^ denotes the 
quadratic twist of E by / in the above mentioned sense and / S C(C) is a function such that 
V Pj (/) = 1 mod 2 and = mod 2 for all Q £ {PJ. 

A *-minimal twist of 7r is a twist fr : X — > C such that none of the fibers are of type 
II* , III* , IV* or I* and at most 1 fiber is of type Iq . 

The existence of the twist follows easily from the fact that Pic°(C) is divisible. If g(C) > 
and we fix 2n points Pi, . . . p2« then there exist 2 29 ^ twists by [Pi, . . . , P 2n )- 

Note that a *-minimal twist is a twist for which p g (X) (and p a (A)) is minimal. Later on we 
will introduce another notion of minimality: the twist for which h ' (X) — pt r {^) is minimal. 

A *-minimal twist of an elliptic curve need not be unique, but the configuration of the singular 
fibers of any two *-minimal twists of the same surface are equal. 

If P is one of the 2n distinguished points, then the fiber of P changes in the following way (see 
|MTT1 V.4]). 

I v +*It{v>Q) II ^ IV* III III* IV ^ IP 

Lemma 5.2. Let n : X — > C be a Jacobian elliptic surface. Let Pi S C(C) be 2n points. Let 
7r' : X' — > C be a twist by {Pi). Then 

2n 

h^(X') - p tr (ir') = h^(X) - p tr (7r) + cp< 

1=1 

with 

( 1 if tt- 1 {Pi) is of type I , IV* , III* or IP , 
cp i = I if 7r _1 (Pi) is of type I v or I*, with v > 0, 
{ -1 ifT,- x {P t ) is of type II, III, IV, or I*. 

Proof. Suppose 7r _1 (P i ) is of type 1$. Then 7r' _1 (Pj) is of type Iq. The Euler characteristic of this 
fiber is 6, so this point causes h 1 ' to increase by 5. An Iq fiber has 4 components not intersecting 
the zero-section. Hence pt r increases by 4. 

The other fiber types can be done similarly. □ 

Lemma 5.3. Given a Jacobian elliptic surface tt : X — » C with non-constant j -invariant. There 
exist finitely many twists tt 1 of tt such that the non-negative integer h * — pt r is minimal under 
twisting. These twists are characterized by b(jr') — c{tt') = 0. 

Proof. It is easy to see that there are at most finitely many twists with c(tt') = 0. Hence it 
suffices to show that b{ir') = c{tt') — if h 1 ' 1 ^') — pt r (n') is minimal under twisting. From 



in 



REMKE KLOOSTERMAN 



Lemma \b. 21 it follows that it suffices to show that for any elliptic surface there exists a twist with 
6(tt') = c(tt') = 0. 

Consider a *-minimal twist tt : X — > C . Note that e(7r) > (otherwise the j-invariant would 
be constant.) 

Suppose 6(fr) + c(tt) is even. Twist by all points with a fiber of type II, III, IV, Iq. The new 
elliptic surface has b — c = d = 0. 

Suppose b(n) + c(tt) is odd. Twist by all points with a fibers of type 77, 777, IV, Iq and one 
point with a fiber of type /„. The new elliptic surface has b = c = Q, d = 1. □ 

Remark 5.4. The classification (in |SZj ) of extremal K3 surfaces is a classification of the root 
lattices corresponding to the singular fibers. In general one cannot decide which singular fibers 
correspond to these lattices, since each of the pairs (7i, 77), (I2, III) and (J3, JV) give rise to the 
same lattice (Aq,Ai, A2). From the lemma above it follows that this is not a problem when tt is 
extremal. 

Proposition 5.5. Letir\ : X\ — > C be an elliptic surface with j(~Kx) non-constant. Let tt : X — ► C 
be a *-minimal twist of Jac(rri) with associated line bundle L. Let tt : X — » C be a twist for which 
h ' — ptr is minimal. Then 

h 1 ' 1 ^) - ptr(X) = 2g(C) - 2deg(L) - 2 + ^{singular fibers for tt}. 

Proof. From Proposition 12 . 1 2| and the Lemmas 15.31 and 15.21 we have deg(L) = deg(L) + (d(ir) + 
a(7r) - c(%))/2, d(%) + e(%) = e(7r), a(ff) = b(n). This yields 

h}> x {X) -pt r (X) = 2t/(C)-2deg(L,)-2 + 2(a(7r) + d(7r))+e(7r) 

= 2. 9 (C) - 2 deg(L) - 2 + 6(tt) + c(tt) + e(?r). 

Finally note that a(7r) = d(7r) =0. □ 

Corollary 5.6. Let n : X — > C be an elliptic surface with j'(7r) non-constant, then tt is extremal 
if and only if tt has no fibers of type II, III, IV or Iq and the *-minimal twist of its Jacobian 
tt : X — > C has 2deg(L) + 2 — 2g{C) singular fibers. 

6. Configurations of singular fibers 

In order to apply the results of the previous section, we need to know which elliptic surfaces 
have a minimal twist with 2deg(L) + 2 — 2g(C) singular fibers. 
We need the following definition: 

Definition 6.1. A function / : C — > P 1 is called of (3, 2)-type if the ramification indices of the 
points in the fiber of are at most 3, and in the fiber of 1728 are at most 2. 

For the connection between functions of (3, 2)-type and certain subgroups of S72 (Z) see [Beau 1| . 

Proposition 6.2. Let tt : X — > C be an elliptic surface with j(rr) non-constant, such that tt is 
a *-minimal twist. Then J(tt) is of (3,2)-type and not ramified outside 0,1728, 00 if and only if 
there are 2 deg(L) + 2 — 2g(C) singular fibers. 

Proof. Denote by 

• 7J2 the number of fibers of tt of type 77. 

• 713 the number of fibers of tt of type III. 

• ri4 the number of fibers of tt of type IV. 

• rig the number of fibers of tt of type Iq . 

• m u the number of fibers of tt of type I v . [y > 0.) 
Let r — ^2 vm w . 

The ramification of j(Tr) is as follows (using |Mi II Lemma IV. 4.1]). 

Above we have ni points with ramification index 1 modulo 3, we have 77,4 point with index 2 
modulo 3 and at most (r — ni — 2n^)j?> points with index modulo 3. In total, we have at most 
ri2 + U4 + (r — 71-2 — 2rii)/3 points in j(7r) _1 (0). 
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Above 1728 we have n 3 points with index 1 modulo 2 and at most (r — n^)/2 points with index 
modulo 2. So j(7r) _1 (1728) has at most n 3 + (r — n 3 )/2 points. 
Above oo we have ^ m v points. 
Collecting the above gives 

#iM _1 (0) + #jW _1 (1728) + ^'(tt)" 1 ^) < 2/3n 2 + l/2n 3 + l/3n 4 + 5/6r + ^ m v 

with equality if and only if j (7r) is of (3, 2)-type. 
Hurwitz' formula implies that 

r + 2 - 2g(C) < ^'(tt)- 1 ^) + #j(tt)- 1 (1728) + #j(n)-\<x>) 

with equality if and only if there is no ramification outside 0, 1728 and oo. 
So 

r < 125(C) - 12 + 4n 2 + 3n 3 + 2n 4 + 6 V] 

and by Proposition ^. Ill 

y^ini + r = 12deg(L). 

Substituting gives 

2 deg(L) + 2 - 20(C) < n 2 + n 3 + n 4 + n 6 + b„ 

with equality if and only if j(tt) is not ramified outside 0, 1728 and 00 and j(tt) is of (3, 2)-type. □ 

This enables us to prove 

Theorem 6.3. Suppose ir : X — > C is an elliptic surface with non- constant j -invariant, then the 
following three are equivalent 

(1) tt is extremal 

(2) j(rr) is of (3, 2)-type, not ramified outside 0, 1728, 00 and tt has no fibers of type II, III, IV 
or I*. 

(3) The minimal twist it' of Jac(jr) has 2deg(L) + 2 — 2<?(C). 

Proof. Apply Proposition 16 . 21 to Corollary 15. 61 □ 

Remark 6.4. Frederic Mangolte pointed out to me that the equivalence of (1) and (2) was already 
proved in |Nori| . 

Remark 6.5. Consider functions / : C — > P 1 up to automorphisms of C. If we fix the ramification 
indices above 0, 1728, 00 and demand that / is unramified at any other point, then there are only 
finitely many / with that property. A small deformation of / in Mor^iC, P 1 ), the moduli space 
of morphisms C — > P 1 of degree d, has more critical values. 

So the j-invariants of extremal elliptic surface lie "discretely" in Mord{C, P 1 ). By Lemma f5. 31 
to any j-invariant there correspond only finitely many extremal elliptic surfaces (by Lemma I5.3JI . 
So extremal elliptic surfaces over P 1 with geometric genus n and non-constant j-invariant, lie 
discretely in the moduli space of elliptic surfaces over P 1 with geometric genus n. 

Suppose that n : X — * P 1 has 2p g (X) + 4 singular fibers of type I v and no other singular fibers. 
Let / : P 1 — > P 1 be a cyclic morphism ramified at two points P such that tt^ 1 (P) is singular. 

Fastenberg f |Fal Theorem 2.1]) proved that then the base changed surface has Mordell-Weil 
rank 0. In fact, she proved that the base-changed surface is extremal. The first surface is also 
extremal (by Proposition 15. 6|) . A slightly more general variant is the following. 

Example 6.6. Suppose tt : X — » C is an extremal elliptic surface. Let / : C — ► C be a finite 
morphism. 

Then the base-changed elliptic surface tt' : X' — > C is extremal if / is not ramified outside the 
set of points P, such that 7r _1 (P) is multiplicative or potential multiplicative. 

In that case the composition j' : C — * C P 1 is not ramified outside 0, 1728 and 00 and the 
ramification indices above and 1728 are at most 3 and 2. Moreover there are no fibers of type 
II, III, IV or 7 *. 
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An easy calculation shows that all elliptic surfaces for which Fastenberg's results ( \Fal Theorem 
1]) hold, are either extremal elliptic surfaces or have a twist which is extremal. Moreover these 
surfaces have no fibers of type Iq , hence all elliptic surfaces for which her results hold lie discretely 
in the moduli spaces mentioned above. 

7. Mordell-Weil groups of extremal elliptic surfaces 

It remains to classify which Mordell-Weil groups can occur. To this we can give only a partial 
answer to this. 

Let m,n £ Z>! be such that m\n and n > 1. Recall from section^that X m (n) is the modular 
curve parameterizing triples ((E, O), P, Q), such that (E, O) is an elliptic curve, P £ E is a point 
of order m and Q £ E a point of order n. 

If (m,n) ^ {(1, 2), (2, 2), (1, 3), (1, 4), (2, 4)} then there exists a universal family for X m (n), 
which we denote by E m (n). Denote by j m>n : X m (n) — > P 1 the map usually called j. 

From the results of |Shi 1, §4 & §5] it follows that E m (n) is an extremal elliptic surface. The 
following theorem explains how to construct many examples of extremal elliptic surfaces with a 
given torsion group. 

Theorem 7.1. Fixm,n£ Z>i such that m\n and{m,n) g {(1, 1), (1,2), (2,2), (1,3), (1,4), (2,4)}. 
Let j £ C(C) be non-constant then there exists a unique elliptic surface tt : X — > C, with = j 
and MW(tt) has Z/nZ x Z/mZ as a subgroup if and only if j is of (3, 2)-type, not ramified outside 
0, 1728, oo and j = j n> m ° 9 f or some g : C — > X m (n). 

The extremal elliptic surface with j(ir) = j and Z/nZ x Z/mZ is a subgroup of MW(n) is the 
unique surface with only singular fibers of type I v . 

Proof. Let tt : X — > C be an elliptic surface, such that MW(ir) has a subgroup isomorphic to 
G := Z/toZ x Z/nZ. Then j : C — > P 1 can be decomposed in g : C — > X m (n) and J m , n : X m (n) — > 
P 1 , and X is isomorphic to E m (n) y.x m (n) 

Conversely, for any base change tt' of tp m , n ■ E m (n) — * X m (n), the group MPF(7r') has G as a 
subgroup. 

Moreover since ip m ^ n has only singular fibers of type /„, the same holds for tt'. An application 
of Theorem 16. 31 concludes the proof. □ 

Remark 7.2. Let n = 2 and m < 2. Then any elliptic surface with such that — j m .n ° g, 
has G = Z/nZ x Z/mZ as a subgroup of MW(n). 

8. Uniqueness 

Artal Bartolo, Tokunaga and Zhang ( (AT2| ) expect that an extremal elliptic surface is deter- 
mined by the configuration of the singular fibers and the Mordell-Weil group. More precise, they 
raise the following question: 

Question 8.1. Suppose iri : X\ — » P 1 and tt2 : X2 — > P 1 are extremal semi-stable elliptic surfaces, 
such that MW (ni) = MW(tt2) and the configurations of singular fibers of ~K\ and 1^2 are the same. 

Are X\ and X2 isomorphic, and if so, is there then an isomorphism that respects the fibration 
and the zero section? 

By |MP1 Theorem 5.4] this is true in the case where X\ and X2 are rational elliptic surfaces. 
In the case where X\ and X2 are K3 surfaces the answer is the following theorem. 

Theorem 8.2. There exists precisely 19 pairs (ttl : X\ — > P , 7T2 : X2 — > P 1 ) of extremal elliptic 
K3 surface, such that 7Ti and ^2 have the same configuration of singular fibers, MW(tti) and 
MW(ir2) are trivial, and X\ and X2 are not isomorphic. Of these pairs 13 are semi-stable. There 
is an unique pair for which the above holds with MW(iti) — MW(it2) — Z/2Z 7 which is not 
semi-stable. 

Proof. From [EZ1 Table 2] there exist 19 pairs of surfaces (Xi, A2) such that the transcendental 
lattices of Xi and X2 lie in distinct SX2(Z)-orbits, they admit elliptic fibrations iti : Xi — > P 1 
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such that MW(tti) = MW(ir 2 ) = and the contributions of the singular fibers as sub-lattices of 
the Neron-Severi lattice coincide. 

From Remark 15.41 we know that for extremal elliptic surfaces the sub-lattices determine the 
singular fibers. Since the transcendental lattices are in different SX2(Z)-orbits, the surfaces are 
not isomorphic. 

The rest of the statement follows from the same Table. □ 

Remark 8.3. From these surfaces one should be able to construct other pairs of extremal elliptic 
surfaces with isomorphic Mordell Weil groups, and the same configuration of singular fibers, such 
that the geometric genus is higher then 1. 

Start with two non-isomorphic extremal elliptic K3 surfaces with the same configuration of 
singular fibers and the same Mordell Weil group. Then the j-invariant of both surfaces are unequal 
modulo automorphism of P 1 . 

We can base-change both surfaces in such a way that the base-changed surfaces remain extremal 
(cf. Example I6.6|l . they have the same configuration of singular fibers and their j-invariants are 
unequal modulo an automorphism of P 1 . 

The configuration of singular fibers gives restrictions on the possibilities for the torsion part of 
the Mordell- Weil group. One can hope that this is sufficient to prove that the Mordell- Weil groups 
are isomorphic. 

Note that the base-changed surfaces are not isomorphic, since a surface which is not a K3 
surface has at most one elliptic fibration. 

Remark 8.4. ( "case 49" ) In ATZ it is proven that there are two elliptic surfaces with MW{iti) = 
Z/5Z and singular fibers 27i, h, 2I5, I\q and there exists no isomorphism between them that re- 
spects the fibration. In |SZj it is proven that both surfaces are isomorphic. For any other pair 
of (semi-stable) extremal elliptic K2> surfaces with #MW(tt) > 4 and the same singular fibers 
configuration, there exists an isomorphism which respects the fibration. ( jATZI Theorem 0.4]) 

9. Extremal elliptic surfaces with p g = l,q = 1 

An elliptic surface with a section and q = 1 needs to have a genus 1 base curve. This implies 
that for an extremal elliptic surface with p g = 1, q = 1 we have deg(L) = f . 

The minimal twist of an extremal elliptic surface with p g = 1, q = 1 has two singular fibers. 

All possible pairs of fiber types such that the sum of the Euler characteristics is 12, are given 
in the following table. 
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Several of these surfaces are already described in the literature. See the above mentioned refer- 
ences. 

Remark 9.1. Note that the 6 configurations with two I v fibers are already extremal. The 
configurations with one additive and one multiplicative fibers are not extremal. If we twist by the 
two points with a singular fiber we obtain an extremal elliptic surface, but then the degree of L is 
2, except for the 1% Iq, its extremal twist has one singular fiber of type I£. 

Proposition 9.2. All these configurations exist, except Ij 1$. 

Proof. This follows from the following lemmas. Note that the existence of elliptic surfaces over P 1 
with the below mentioned singular fibers follows from |Per| . 

Lemma 9.3. The configurations with Ik I\2-k exist for k — 2,4,6. 

Proof. Let it : X — > P 1 be an elliptic surface with two III fibers, a fiber of type Ik/2 and a fiber 
of type Ie-k/21 an d no other singular fibers. Let tp : C — > P 1 be a degree two cover ramified at 
the four points where the fiber of w is singular. Then n' : X Xpi C — > C has two fibers of type Iq, 
a fiber of type h and a fiber of type Ii2-k- Twisting by the two points with Iq fibers gives the 
desired configuration. □ 
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Lemma 9.4. The configurations Jg IV and J 6 Iq exist. 

Proof. For the first let tt : X — > P 1 be an elliptic surface with two III fibers, a fiber of type II 
and a fiber of type I4, and no other singular fibers. Let ip : C — ► P 1 be a degree two cover ramified 
at the four points where the fiber of tt is singular. Then tt' : X x P i C — > C has two fibers of type 
Jg a fiber of type Is and a fiber of type IV. Twisting by the two points with a Iq fibers gives the 
desired configuration. 

For the second let tt : X — > P 1 be an elliptic surface with three III fibers and a fiber of type 
J3, and no other singular fibers. Let ip : C — > P 1 be a degree two cover ramified at the four points 
where the fiber of tt is singular. Then tt' : X x P i C — > C has three fibers of type Iq an d a fiber of 
type Iq. Twisting by two points with a Iq fiber gives the desired configuration. □ 

For the other four configurations we have a different strategy. We simply show that the j-map 
with the right ramification indices exists. This is equivalent to give the monodromy representation. 

Lemma 9.5. The configurations In I\, Jg I3, II Iiq. Ill Jg exist. 

Proof. For the two configurations of type J M I u we need to find curves C and functions j : C — > P 1 
of degree 12 such that above 00 there are two point with ramification indices // and all points 
above have ramification index 3 and all points above 1728 have ramification index 2. (see |Mi II 
Lemma IV. 4.1].) 

By the Riemann existence theorem it suffices to give two permutations o~o,o~i in 612, such that 
o~q is the product of 6 disjoint 2-cycles, <j\ the product of 4 disjoint 3-cycles, and croCTi is a product 
of a /x-cycle and a v cycle, and the subgroup generated by Co and a\ is transitive. (See |Mi 31 
Corollary 4.10].) 

For 1 1 In, we use 

(1 2 3) (4 5 6)(7 8 9)(10 11 12) * (1 3)(2 4) (5 7)(8 10)(9 11)(6 12) = (1)(3 2 5 8 11 7 6 10 9 12 4) 
For ^3 Jg, we use 

(1 2 3) (4 5 6) (7 8 9)(10 11 12) * (1 6) (4 9) (3 7) (2 10)(5 12)(8 11) = (1 4 7) (2 11 9 5 10 3 8 12 6) 
Similarly the existence of II Iiq, follows from 

(1 2)(3 4)(5 6) (7 8)(9 10) * (1 4 7) (2 5 8) (3 6 9) = (1 3 5 7 2 6 10 9 4 8) 
and the existence of III Jg , follows from 

(2 3) (4 5) (6 7)(8 9) * (1 4 7) (2 5 8) (3 6 9) = (1 5 9 2 4 6 8 3 7). 

□ 

Lemma 9.6. The configuration I7 J5 does not exists. 

Proof. A computer search learned us that the permutations needed for the existence of J7 I5 do 
not exist. □ 

□ 

Corollary 9.7. Let ki be positive integers such that "Y^ki — 12, with i > 2, and if i — 2 then 
(fci, £2) ^ (7, 5) or (5, 7). Then there exist a curve C of genus 1, and an elliptic surface tt : X — > C 
such that the configuration of singular fibers of tt is ^ Jfc 4 . 

Proof. Use the monodromy representation as in |Mi 21 Remark after Corollary 3.5]. □ 

10. Elliptic surfaces with one singular fiber 

In the previous section we proved that there exists an elliptic fibration with an Iq and an Jq 
fiber. Twisting by the points with a singular fiber yields an elliptic surface with one singular 
fiber, of type Jg. We will prove that for fixed deg(L) there the two possible configurations can be 
realized as elliptic surface. 
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Proposition 10.1. Suppose n : X — > C is an elliptic surface with one singular fiber. The fiber is 
of type Ii2k-6 or ^ 12fe f or some k G ^>0; an d .9(C) > k in the first case and g(C) > k + 1 in the 
second. Conversely all these configurations occur. 

Proof. Since the Euler characteristic of the singular fiber is 12deg(L), the only possible configu- 
rations are /„ and /*. 

Fix a rational elliptic surface ir : X — > P 1 with 3 fibers of type 777, and one fiber of type I3. 
(The existence follows from |Per| .) 

Fix k a positive integer. Take a curve C such that ip : C — ► P 1 , has degree 4fc — 2, and is 
ramified at the four points which have the singular fibers, and above such a point there is exactly 
one point. 

The base change ir' : X x P i C — > C has 3 fibers of type Jq and one fiber of type Ii2k-6- Twisting 
by all four points with a singular fiber yields an elliptic surface with one singular fiber and this 
fiber is of type I{ 2 k-&- 

If we replace Ak — 2 by 4k, we obtain an elliptic surface with one fiber of type Ink- 
For any elliptic surface with only one singular fiber and that fiber is of type Jg, we have the 
following: the j-map C — > P 1 has degree 12fc — 6, one point above 00, at most 4k — 2 points above 
0, and at most 6k — 3 points above 1728. This implies that the base curve has genus at least k. A 
similar argument shows that in the case that the only singular fiber is of type I\2k , the base curve 
has genus at least k + 1. □ 
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